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Abstract 

Canonical twistor fibrations lead to PfafRan systems by means of their 
superhorizontal distribution. The aim of this note is to identify explicitly 
the PfafRan systems of five or less variables that arise in this way in terms 
of the classification given in [1] . 



1 Introduction 

A Pfaffian system on an n-dimensional differentiable manifold is a collection 
of 1-forms which are linearly independent at each point. Geometrically this 
system gives rise to a subbundle of the tangent space, that is a distribution. 
Conversely a distribution induces an equivalence class of Pfaffian systems (see 
[f],[3],[6] or [9]). For n < 5 such systems were investigated in detail by E. Cartan. 

On the total space of any canonical twistor fibration (see [2] or [5]), there 
is a natural "superhorizontal" distribution, which is important in the theory 
of harmonic maps. The total space is a flag manifold, and a corresponding 
Pfaffian system on the big cell of the flag manifold can be constructed by us- 
ing Lie-theoretic local coordinates to express integral curves of the distribution. 
The equations for these holomorphic curves are solved explicitly in [4]. 

In this paper we identify explicitly all Pfaffian systems with n < 5 which 
arise from twistor fibrations in this way, in terms of the known classification. It 
is of interest to consider the significance of these twistor Pfaffian systems, and we 
discuss briefly one aspect here, namely the Lie algebra of infinitesimal symme- 
tries. Cartan observed that the Lie algebra of the exceptional group G2 can be 
characterized as the symmetry algebra of such a system. However, all the other 
systems with n < 5 arising from twistor flbrations have inflnite-dimensional 
symmetry algebras. In the simplest example, we present an explanation for this 
phenomenon. 



The paper is organized as follows. In section 2 we describe the basic def- 
initions and theorems concerning Pfaffian systems. In addition, the classifica- 
tion of low dimensional Pfaffian systems from [1] is reproduced at the end of 
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this section (tables 1-3). Section 3 reviews some facts from structure theory 
of Lie algebras as well as the concept of twistor fibration. The construction 
of PfafHan systems from twistor fibrations is explained in section 4. Subsec- 
tions 4.1 - 4.3 contain detailed computations for three representative examples: 
TT : F3(C) ^ CP2, TT : SO{5)/U{l) x SO{2) SO{5)/SO{2) x SO{3) and 
TT : G2/U{2) 02/50(4). The complete list of results is given in table 4. Fi- 
nally in the last section we discuss the Lie algebra of infinitesimal symmetries. 

2 PfafRan systems 

In this section we will review some basic concepts and facts on PfafBan systems 
theory (sec [3]). Let M be an n— dimensional diffcrentiable manifold. Let TM 
and T*M denote the tangent and cotangent bundle respectively. 

In the following fi'^ (M) will denote the space of all diffcrentiable k forms on 
M. We have n''{M) = r{/\''T*M), where r{/\''T*M) denotes the space of 
sections of f\''T*M. 

A (local) Pfaffian system of rank r is a set: 

S={uJ-i_...UJr} UJieQ}{M)\u. 

where the r differential 1-forms are defined on an open subset U of M and are 
required to be linearly independent at each point. 

Given a Pfaffian system 5, the vector subbundle D of TM\u with n — r di- 
mensional fibers Dp = kera;i(p) for all G 5, p € [/ C M is a distribution 
on U. Conversely, a distribution give rise to an equivalence class of PfafRan 
systems, since the annihilator subbundle of D, with fibers 

= {w e t;m\ uj{X) = vx e 

is locally spanned by r linearly independent 1-forms i.e. = span{(a;i)j, . . . {uJr)p} C 
T*M. The ideal of r(/\* T*M) generated by the system is: 

'11 r 

^iD)=^X''{D) = {Y,aiAUi\uieS, e 0*(M)}. 

k=l i=l 

with !'=(£)) = {loG n''{M) \ lo{Xi ...Xk)=0 VXj G D} for fc > 1. 

At a point p G M the characteristic space of I{D) is defined as: 

A{I{D))p = {Xp e TpM I Xp\IiD)p c I{D)p} 

= {Xp e TpM I (Ji{Xp) = 0, Xp\duJi = mod S, i = l...r}. 

Its annihilator C{I{D))p := A{I{D))p C T*M, called the retracting subspace 
at p, is the smallest subspace of T*M such that /\* {C{1{D)) contains a finite 
set S of elements generating X(-D) as an ideal. The dimension of C(I{D))p is 
called the class of S at p. 
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A symmetry of 5 is a local biholomorphism cj) on U which preserves D (or 
S), i.e. 4)<,{D) = D (or 4>*{S) = S). An infinitesim,al symmetry is a vector field 
X over U which generates a local one parameter transformation group of sym- 
metries of S. Namely X satisfies: [X, T{D)] C T{D), or equivalently: LxoJi = 
mod S with Wj e S. The set of all infinitesimal symmetries of S is denoted L{S). 

Then the characteristic space A{I{D)) = \Jp^^ A{I{D))p of T{D) can be 
described {of. [6]) in terms of infinitesimal symmetries as: 

A{I{D)) = L{S)nr{D). (1) 

A submanifold N of M is called an integral manifold of S (or D) if TpN C Dp 

for any p £ N. Equivalently an integrablc manifold is given by an immersion 
i: N < — > M such that i*{aj = for all a G I{D). 

A PfafRan system S (or the distribution D) is said to be completely inte- 
grable if there exists an integrable manifold of dimension dim{M) — rank{S), 
passing through every point. 

The integrability of Pfaffian systems can be characterized in various ways: 

Theorem 1 (Frobenius). Let M be a differentiable manifold. Let S = {wi}l^i 
by a Pfaffian system of rank r with induced n — r dimensional distribution D 
defined over U C M. Let 1{D) be the ideal generated by the system as above. 
Then the following are equivalent: 

i) S (or D) is completely integrable. 

ii) D is involutive: [r{D),r{D)] c r{D). 

Hi) 1{D) is a differential ideal: dI{D) C 1(0), i.e. doji = X]j=i Q^} ^'^j f^f 
Wj e S and a*- e fi'^(M)|c/. Briefly we write: dcoi = mod S. 

iv) Locally there exists a coordinate system {yi ■ . ■ Vn) such that I{D) is gen- 
erated by (dyi . . . dy-r). 

v) rankp{S) = clasSp{S) for every p G U C M . In this case A{1{D)) = D 
and C{X{D)) = S. 

A natural problem in Pfaffian systems theory is the classification of systems 
with constant rank, which requires the study of invariants. The class and the 
rank are fundamental invariants that entirely determine the local classification 
of completely integrable systems by the Frobenius theorem. 

For a nonintegrable PfafRan system S of rank r and corresponding distribu- 
tion D, we define the subbundlc D' which has fibers spanned by all elements of 
TpM of the form Xp + [Yp, Zp] with X,Y,Z € T{D), i.e. 

D' = r{D) + [r{D),r{D)]. 

Notice that Dp c Dp. A representative S' of the equivalence class of PfafRan 
systems corresponding to this distribution is called (with abuse of notation) the 
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derived system of S. This leads to the notion of higher derived systems. The 
fc-th derived system S'^ is defined successively by: 



It follows that the rank and the class of 5*^ are invariants of such a Pfaffian 
systems. S is called regular if all derived systems are of constant rank. For a 
regular system S, there exists /x G Z>o such that: 

gn+i =S^'C■■■CS'' C S'^-i C---CS" CS' CS. 

S*^ is always or completely integrable; It is the smallest completely inte- 
grable subsystem of S. (See [10], [1]). 

The basic idea to achieve the (;lassification of nonintegrable Pfaffian systems 
of constant rank is to look for completely integrable subsystems of S and use 
the defined invariants to determine a local model of the system. 

In [1] the equivalence classes of low dimensional (n < 5) Pfaffian systems of 
constant rank and class is presented by giving local models of those systems. 
Nevertheless this is a partial classification, since for the cases Sl^{f) and S^^{f) 
the local equivalence classes are not specified. For the sake of reference this 
classification is reproduced in the following tables. 

Table 1. Pfaffian systems of dimension 3. 



Pfaffian system S 


rank(S) 


class(S) 


= {dz^} 


1 


1 


S'I = {dzi + Z2dz3} 


1 


3 


S'I = {dzi, dz2} 


2 


2 


S3 = {dzi, dz2, dzs} 


3 


3 



Table 2. PfaSian systems of dimension 4. 



Pfaffian system S 


rank(S) 


class(S) 


rank(S') 


class(S') 


Si = {dzi} 


1 


1 






S'i = {dzi, dz2, dzs} 


3 


3 






S4 = {dzi, dz2, dz3, dzi} 


4 


4 






Sj = {dzi + Z2dz3} 


1 


3 






S| = {dzi, dz2} 


2 


2 






S4 = {dzi, dz2 + z^dzi} 


2 


4 


1 


1 


Si = {dzi + Z2dz3, dz2 + Zidzz) 


2 


4 


1 


3 



4 



PfafRan system S 


rank(S') 


class(5') 


rank(5') 


class(,S') 


rank(S'") 


0^88(5"') 


= {dzi} 


1 


1 










S'^ = {dzi + Z2dzs} 


1 


3 










S'g — {dzi + Z2dzz + z/^dz^} 


1 


5 










5| = {dzi, dz2. dz;i,, dz4.dzi',} 


.5 


■5 










= {(/ri. dz2. dz,,. dzi} 


4 


4 










= {dzi, dz2, dz^} 


3 


3 










Si = {dzi, dz2, dz3 + Zidz^} 


3 


5 


2 


2 






S5 = {dzi, dz2 + zzdzi, dzs + z^dz^} 


3 


5 


2 


4 


1 


1 


S'g = {dzi + Z2dzT,^ dz2 + ^4^-23, dzT, + z^dz4^ 


3 


5 


2 


4 


1 


3 


Sl^ — {dzi + Z2(iz3, dz2 + Z4(iz3, dz^ + 25^23} 


3 


5 


2 


4 


1 


3 


'S'sH/) = jfi^i + Z3c!z4, dz2 + z^dz^ + /(iz4, dzs + ^dzi^ 


3 


5 


2 


5 






5f = {rfzi, dz2] 


2 


2 












2 


4 


1 


1 






S'g* = {dzi + Z2(iz3, (iz2 + Zj^dz'j,} 


2 


4 


1 


3 






Sl^U) = {dzi + zsdzi, dz2 + z^dzs + fdzi] 


2 


5 











3 Twistor fibrations 



The aim of this section is to review the twistor fibration concept. We start by 
recalUng some facts from the structure theory of Lie algebras. 

Let be a Lie algebra of a compact semisimple Lie group with Cartan sub- 
algebra t. Let q'^ be the complexification of g, and t'^ that of t. 

A functional a G (t"')* is called a root of q"^ (with respect to t'') if Qa 7^ 
{0}, where = {X € if \ ad{H)X = a{H)X for all H € t^} is the root 
space of a. The Lie algebra has then a root decomposition into the Cartan 
subalgebra and the root spaces: 

/ = tc©(0fl„). 

Here A denotes the set of roots of f . This is a finite subset of (t*')*. 

It is also necessary to recall the existence of a subset 11 = {ai . . . a^} {r = 
dimcl"') of A such that every root can be expressed uniquely as a = 'Y^i=i "iT-iCH 
where the rij are integers, either all nonnegative {a is then a positive root) or 
all non-positive (a is a negative root). Such a set is called set of sim,ple roots 
for A. Each subset / = . . . , 0;^,} of 11 defines on A a height function nj 
by nj (a) =Eie/»^i- 

According to this any parabolic subalgebra of f can be expressed as: 

2<0 n/(a)— i 

Given a parabolic subalgebra p/, there exists a unique element ^ e t"' such 
that a(^) = V^n/(a). i.e. 

0a = Bi- 

This element is called the canonieal element of p/. This element defines an 
involutive automorphism = Ad(exp(7r^)) of g (the complex linear extension 
to f) called the canonical involution for p/. 

The facts mentioned above are intimately related with the concept of gen- 
eralized flag manifolds, which arc homogeneous spaces of the form G/H where 
G is a compact Lie group and H is the centralizer of a torus in G. We have a 
natural isomorphism G^/Pj = G/H where G"' is the complexification of G and 
Pi = {g G G'^|Ad(fif)p7 C p/} is a parabolic subgroup of G'^ . 

Let G/H = G'^/Pj be a generalized flag manifold and let ^ be the canonical 
clement of the Lie algebra p/ of Pj with canonical automorphism . Then the 

following is true: 

• G^/Pi ^ Ad(G)^. 
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• H = Pir\G. 



• For g = expTT^ define ag = Rg-i o Lg. If is a closed subgroup of G'^ 
such that H C K C G, GjJ^ C X C G^^, then G/K is a symmetric 
space. Here G^g denotes the set of fixed points of ag and its identity 
component. 

Finally we have; 



Definition 1. The natural map ttj : G/H \ — > G/K is called the canonical 
(Burstall-Rawnsley^ twistor fibration associated to the generalized flag manifold 
G/H ^ G^/Pi. 



For details we refer to [5], [2] and [7]. 



4 PfafRan systems from twistor fibrations 

Now we are in a position to describe how Pfaffian systems and twistor fibrations 
are related. The key is to consider a certain subbundle of the tangent bundle of 
the generalized flag manifold of the twistor fibration. 

Let G'^ /Pi be a generalized flag manifold. Recall that as an homogeneous 
space its tangent bundle is isomorphic to x (g^/p/). An exphcit isomor- 
phism f:G^Xp, (q'^/Pi) ^ TG^/Pi is given by: 



f{[ig,[y])])= -^^goe^psYPi 



(2) 

s=0 



Definition 2. The subbundle SH of TG^ / Pj which corresponds to 

G'^xp, ((p/©fl()/p/) 
is called the superhorizontal distribution. 

This concept arises from the study of harmonic maps that come from twistor 
fibrations. 



Wc shall construct a particular Pfaffian system corresponding to the super- 
horizontal distribution by expressing integral curves of the distribution in Lie 
theoretic local coordinates. The equations for integral curves of this distribution 
are solved cxpliclitly in [4], (sec page 561). 

It is well known that local coordinates for the generalized flag manifold, 
G'^ /Pi are provided by the ^^big cell" [exp0-^Q gf] = C™. Locally therefore we 
can construct any complex integral curve $ : C i — > G'^ /Pi by giving a holo- 
morphic map G : C i — > 0i>o0i ^"^^ setting $ = /9(expG), where p denotes 
the projection G^ i — > G^/Pi. 
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The condition for this integral curve to be tangent to the superhorizontal 
distribution, i.e. d<i>(^) G SH, is that: 

((expC)-i(expC)')^. =0 (t > 2) (3) 

In other words, (exp — C)(exp C)' should have zero component in 0j>2fli- 

Using the formula for the derivative of the exponential map one has: 

(exp-C)(expC)'= C 

= C" - ^adCC" + ^{sidCfC 

= C'-i[C,C'] + i[C, [C,C']]~--- 

Applying this to ([3]), the resultant expression determines n differential equa- 
tions in m functions, C- — F{Ci, . . . , Ci^i) [i > 2) for an integral curve of the 
superhorizontal distribution, where n ~ X]i>2'^™0i ^^^^ ™ ~ Si>i'i™0f- 
These equations can be written in local coordinates corresponding to ® j>Q flf 
as 1-forms of m-variables giving in this way a Pfaffian system S on C™ with 
rank(S') = n. 

Proposition 1. The Pfaffian system S just obtained satisfies the following prop- 
erties: 

• class{S) = X]i>i dimgf = m. 

• The first derived system S' of S corresponds to: 

xp, {{Pi® si® si) /Pi) ■ 

Proof Notice first that dim A{X{SH)) = is equivalent to A{I{SH)) = L{S) n 
T{SH) ^ , i.e. if X e T{SH) satisfies 

[X,T{SH)]cr{SH), (4) 

then X = 0. We show that this is the case. Take X £ SH satisfying Then 
X is expressed as X = [{g, [Z])] with g £ and [Z] g q{/Pi- Now under 
the isomorphism /, the condition @ is equivalent to having Z G g{ such that 
[Z,q{] e q{. But since [flfjfl^] G we must have Z = 0. 

Similarly, SH' = ker(S") is spanned by: 

TiSH) + [r{SH),r{SH)], 
which under the isomorphism / is equivalent to: 

Si/'-G^Xp, (p,e(g( + [0(,g(])/p,) 

= xp, (p/ e fl( e 02/P/) • 

□ 
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Now we concentrate entirely on the case when to < 5 and compute all 
Pfaffian systems that arises from twistor fibrations of semisimple Lie algebras 
by using the above construction and identifying the obtained system - after a 
suitable change of local coordinates - with a model in the classification of low 
dimensional Pfaffian system mentioned in section 1 (tables 1, 2 and 3). 

Theorem ^ collects these results in a detailed list. Since the proof is purely 
computational, in order to illustrate how the calculation is carried out we present 
three representative examples: 



4.1 TT : F3(C) ^ CP\ 

Let G = SU3, then G"' — SL^C with Lie algebra SI3C consisting of all endo- 
morphisnis of C'^ with zero trace. Let t"' = {H e sl^C \H = diag(ai, a2, a^)} be 
the corresponding Cartan subalgebra. 

The set of roots is then given by: A — {±(ri — rj) |1 < j,i < 3 i ^ j} 
where denotes the linear functional : t*' ^ C defined by ri{H) ~ Ui. In 
this case the set of simple roots is H = {ai ^ ri — r2, a2 = ^2 — r^} and the 
corresponding root spaces are: 

Qai — C • £^12 , Qa2 = ^ • £^23 , £lai+Q2 = ' ^13 (5) 

where Eij stands for the matrix whose (i, j) entry is 1 and all others 0. 
If we choose / = 11, then: 



wi 

W2 





wi, W2 e 




W3 





and the corresponding parabolic subalgebra is: 

with parabolic subgroup: 

= {5 e I Ad{g)pi C Pj} -- 




* 

* * I e SL3C 



(6) 



* * * 



Since H ~ Pj (IG ^ S{Ui x Ui x Ui) the generalized flag manifold G/H is 
SUs/SiUi xUixUi)^ FsiC). 

The canonical element is calculated as follows: Taking ^ G t'' as 
^ = diag(V^ai, V^a2, n/^os) 

with Oj e M, ^ = 0, since ai{(_) = \/ —lnj{ai) we get = oi2{£,) ~ 1 and 

a3(^) = 2, which implies ai = 1, a2 = 0, = —1. 
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We have g — expTr^ = diag(e^'^'^, 1, e vi^r^ a^fj therefore the set of fixed 
points of (7g is: 

{/ an aiaX . ^ 

a.. \eSUs\a,,eU,, 2) e 

\a3i / ^ / 

^ S{Ui X U2). 

Here since H C G"'' , setting iiT = ff^' we can write: 

G/K = SUs/SiUi X C/z) ^ CP^ 

Thus in this case the twistor fibration is precisely tt : P3(C) ^ CP^. 

Now, the integral curve is constructed defining the map C : C ^ ®?=i flf 



as: 



(^) 


c(z) 














Since 



0( ®02 





Wi 


W3\ 


!(: 












0/ 



we have: 

/O a'(z) c'{z)-^a{z)b'{z) + la'{z)b{zy 

exp(-C)(expC)' = 

\0 

After applying the condition Q we obtain the following ordinary differential 
equation: 

c'(z)-ia(z)6'(z) + ia'(z)6(z) = 0. 
In terms of local coordinates of exp ® gf this becomes 

dws — —widw2 + —W2dwi = 0. 

Since ^ ^ ^ 

dw3 — -Widw2 + -W2dwi = d{w3 — -u;iW2) + W2dwi, 

the change of coordinates 

(zi,Z2,Z3) = (W3 - ^WiW2,W2,Wi) 

identifies this PfafBan system with: 

5| — {dzi + Z2dz3}. 
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4.2 TT : 50(5)/f/(l) X S0{2) SO{5)/SO{2) x S0{3). 

Let G — S0{5). By definition the corresponding Lie algebra is given by: 

sof = {X e i^oTO(C^C^) I + = 0}. 

After choosing a basis: 

vi = ei + \/^e4, V2 = €2 + V^e5, V3 = 63, 
W4 = 62 - \/^e5, W5 = ei - \/^e4. 

where {ei}^^^ denotes the canonical basis of C^, a suitable matrix representation 
is obtained: 



' I ri X ti y \ 

X r2 t2 -y 

so(5,C)=< 2ti 2t2 ~2t2 -2ti 

y -t2 ~r2 -X 

\ -y -ti -X -ri ) 



ri,r2,x,y,ti,t2,x,y,ti,t2 G 



In this case the set of roots is: A — {±(ri ± rj), ±rfe | 1 < i,j,k < 2,i j} 
with simple roots 11 = {ai — ri — r2, ot2 — ^"2}, and the root spaces are: 

0ai = C • (^12 - £^45), 0a. = C • (^23 - 2£;34), 
gai+Q2 = ■ (-^13 ~ 2i?35), 0ai+2a2 " ^ ' (^14 ~ -E'25)- 

Setting / = n, we have: 

01 — 0Ql ffi 0a2J 02 — 0Q1+Q21 03 ~ 0Q1+2Q2- 



The map C : C — > ®i>o 0i *^a^ be defined as: 



/o 


xiz) 


ii(z) 


2/(2) 





\ 


























-2t2(^) 


-2h{z] 
















-x{z) 


















/ 



In the same way as above, calculating (exp — C)(exp C)' under the condition 
([5]), we obtain the following system of differential equations: 

t'l - -xt'2 + 2^2x' = 0, y' + tit'2 - t2t'i + -t2xt'2 - 2^2^;' = 0. 

In terms of local coordinates these are: dt\ — ^xdt2 + ^t2dx — and dy + 
tidt2—t2dti + ^t2xdt2 — \t^dx = 0. The associated Pfaffian system S = {0^1,(^2} 
is given by: 

uji : = dti - ^xdt2 + ^t2dx, 

1 1 2 

0J2 ■ = dy + tidt2 — t2dti + —t2xdt2 — —t2dx. 

o o 
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Notice that S is not completely integrable and that the derived system is 

S' = {0J2} since duj2 A wi A 0^2 = 0. Moreover, since duj2 /\ 0J2 7^ we have 
class(S") = 3 and the system must be equivalent to Sl- We shall find an explicit 
change of coordinates. First, cu2 can be expressed as: 

W2 = d{y - tit2 - \xtl) + {2ti + xt2)dt2, 

to obtain: 

{Zi,Z2,Z3) = {y - tit2 - ^Xtl, 2ti+xt2, t2). 

On the other hand: 

oji = ^(rf(2ii + xt2) + {-2x)dt2) 
hence the change of coordinates: 

{zi, Z2, Zi, Zi) = {y - tit2 - ^xtl, 2ti+xt2, t2, -2x) 

shows that the Pfaffian system is : 

Sl = {dzi + Z2dz3, dz2 + Zidzs}. 

4.3 TT : G2/U{2) G2/SO{A). 

In this example we consider G2 = {X e 50(7, R) | X{v x w) = Xv x Xw}, 
with Lie algebra: 

= {X G soj I X{v xw)=Xvxw + vx Xw}. 

As for the last example, in order to obtain a matrix representation for S0{7) 
we choose a basis: 

vi=ei + \/^e5, V2=e2 + \/^ee, V3 = e3 + \/^er, V4 = 64, 
W5 = 63 - \/^e7, = 62 - \/^e6, vr = ei- \/^. 

Then under this representation any element of 02 can be expressed as: 



r-2 + r3 


Xi 


X2 


2/3 


2/2 


yi 


\ 


Xi 


r-2 


X3 


-X2 


yz 





-yi 


£2 




rs 


Xi 





-ys 


-y2 


2y2 


-2f2 


2xi 





-2xi 


2X2 


-2y3 


m 


2/3 





-X-L 


-rs 


-X3 


-X2 


yi 





-ys 


£2 


-£?, 


-r-2 


-Xi 


V 


-yi 


-y2 


-yz 


-£2 


-£i 


-r2 -rs J 



In this case the set of roots is: 

A = {±ai, ±a2, ±(q;i + 02), ±(2ai + 02), ±(3a + a2), ±(3ai + 2a2)} 
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with simple roots 11 = {ai, 02}, where ai = and a2 = r2 — r^. Here the root 
spaces are: 

{E12 + -B34 — — -Bey), 
{E23 — E^q), 

{E13 — E24 + '2E4Q — -E57), 
{Ei4 + E25 — Esq — 2E4r), 

{Ei5 — -E37), 

{Eie — -£27)- 

Taking I = {ai} we have : 

01 = flai ® 0Qi+a2i 02 ~ 02ai+Q2i 03 = 03ai+a2 © 03ai+2a;2- 

Thus the map C : C — > ©i>o flf takes the form: 





= C 


flag 


= c 


0ai+a2 


= c 


02ai+a2 


= c 


03ai+a2 


= c 


fl3ai+2a2 


= c 



/o 


xi{z) 


X2{z) 




y2{z) 


yi{z) 


\ 











-X2{z) 


yaiz) 





-yi{z) 











Xi{z) 





-2/3(2) 


-2/2(2) 














-2xi{z) 


2X2 (z) 


-22/3(2) 




















-X2{z) 




















-xi{z) 


Vo 

















/ 



C(z) 



This time the condition of the integral curve to the superhorizontal distri- 
bution gives the following system of differential equations: 

J/3 - X2X[ + X1X2 =0, 

2/2 - ^^12/3 + ^2/3a;'i - xlx'2 + xiX2x[ =0, 
y'l + ^a;22/3 - '^y3x'2 + XiX2x'2 - x\x'y =0. 
After expressing them in terms of local coordinates we set 



L0\ : = dys — X2dxi + xidx2 
CO2 : 
W3 : 



3 3 
dy2 - -^xidys + -ysdxi - x\dx2 + x-4X2dx-4, 



2 

3 3 

dyi + -X2dy3 - -y3dx2 + xiX2dx2 - x^dxi. 



Then the induced Pfaffian system is 5' = {oji, u)2, UJ3} which is not completely 
integrable. Now, for i = 2, 3 we have that: 

duji A uJi A UJ2 /\ UJ3 = 0. 

Therefore, the derived system is S" = {0^2, ^3}- Moreover since dL02 = —3LOiAdx2 
and du)3 = 3u)i A dxi we have class(S") = 5, and then the system S is identified 
to heSi\f). 
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Now ^3 can be written as: 

3 

W3 = d{y2 - -^xiys - x\x2) + (Sys + ixiX2)dxi 

hence: 

3 

{wi,ws,W4) = {y2- -xiy^- x\x2, 3t/3 + 3a;ia;2, xi) 
In the same way: 

3 

= d{yi - -X2y3 - xixl) + {x2)d{3y3 + 3x1X2) - Sxldxi, 
oJi = ^{d{3ys + 3x1X2) - 6x2dxi). 

imphes: 

{wi,W2,W3,W4,W5) = 

3 3 
iy2 - -^xiys - xlx2, yi - -jX2ys - xixl, 3y3 + 3xiX2, xi, X2). 

Therefore we must have S\^{f) with / = — Swf. But in general, the change 
of coordinates corresponding to S\^{c ■ wf) is: 

(2:1,22, 2:3, 24, 2:5) = {wi,W2, iw3, VcWa, VcW^). 

Thus wc can identify our PfafBan system to be of the form (-^f ) • Explicitly 
this can be expressed as 

Sl^{z1) = {dzi + zsdzi, dz2 + z^dzs + zldz^, dzs + 225^24}. 

under the change of coordinates: 



Zl 


= y2- 2^iy3 - XiX2: 




3 2 


Z2 


= yi- -jX2y3 - X1X2: 






Z3 




Zi 


= - \^Xi, 


Z5 


= -^X2. 



After the examples finally we are in position to state the main theorem of 

this section: 

Theorem 2. The Pfaffian systems of at most five variables that arise from 
superhorizontal distributions of twistor fibrations of semisimple Lie algebras are 
given explicitly in table 4- 

Proof. By direct calculation. 

□ 
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Lie group 


decomposition of T\fiG/H 


PfafRan system 




0a ® fl/3 Qa+13 


5| = {dzi + Z2dz3} 


SU4 


01 02 

0a ® 0/5 © 0/3+7 0a+/3 © 0a+/3+7 


55^(0) = {dzi + zsdzi, dz2 + z^dz^} 


b( 02 

0/3 ® 07 ® 0a+/3 0/3+7 ® 0a+/3+7 


55^(0) = {dzi + z^dzA, dz2 + z^dzz] 


0^ 02 

0a ® 07 ® 0a+/3 ® 0/3+7 0a+/3+7 


S'l = {dzi + Z2dz3 + Zidzr,} 

(Wa - ^■WiW4 — ^W2W3,W4,Wi,W2,W3) 


SO5 


01 02 

0/3 ® 0a+/3 00a+2/3 


S'l = {dzi + Z2dzz} 

{W3 — W1IU2, 2lU2, Wl) 


01 02 03 

0a ® 0/3 0a+/3 0a+2/3 


Sl = {dzi + Z2dz3, dz2 + Zidz^} 

{Wi — IU2103 — ^WlW2, 2W3 + W1W2, W2, — 2lUl) 




0^ 02 

0/3 © 07 ® 0a+/3 ffi 0a+7 0a+/3+7 


S'l = {dzi + Z2dz3 + Zidzs} 

{w^ — ^W2W3 — ^WiW4,W3,W2,W4,Wi) 


01 02 

0a ® 07 © 0a+/3 0a+7 ® 0a+/3+7 


S^^{0) = {dzi + Z3dzi, dz2 + z^dz3} 

{■W4 + ^WlW2,W5 — ^W2W3, — Wl, tU2, Ifs) 


01 02 

0a ® 0/3 ® 0a+7 0a+/3 ® 0a+/3+7 


'S's^lO) = {dzi + Z3dzi, dz2 + Z5dz3} 

{W4 + ^WlW2, t«5 — 5«)2«'3, —Wl, W2, W3) 


Sp2 


01 02 

0a ® 0a+/3 02a+/3 


S| = {dzi + Z2dz3} 

{W3 - W1W2, 2W2, Wl) 


„^ 

01 02 03 

0« © fla © g^©0^+2!a 


sl = {dzi + Z2dz3, dz2 + Zidz3} 

{W4 — IWilUs + ^w'^W2, 2l03 — W1W2, Wl, 2W2) 


Sp3 


oJ 0^ 
3a © 0a+/3 © 0a+/3+7 © 0a+2/3+7 '02a+2/3+7 


Sl = {dzi + Z2dz3 + Zidzs} 

(W5 — W1W4 — W2W3,2W4, WI,2W3,W2) 


G2 


01 02 03 

0a © 0a+/3 02a+/3 03a+/3 © 03a+2/3 


S^^{z^) = {dzi + Z3dz4, dz2 + z^dz3 + z^dz4, dz3 + 2z^dz4} 

iw4 — §tUlUl3 — W1W2, W5 — ^W2W3 — W1W2: ^'^l''^2, — \/^Wl, — \/3w2) 


0^ 02 

0/3 © 0a+/3 © 02a+/3 © 03a+/3 03a+2/3 


S| = {dz\ + Z2dz3 + Zidz^} 

(t«5 — ^W2W3 — ^WlW4, 3t«2, W3, W4, Wl) 



Remark: Since SO5 is isomorphic to sp2 and sog to SU4, the corresponding 
Pfafhan systems must be equivalent. However since in each case the details of 
the calculation are different and for the sake of confirmation their description is 
also included in the above list. 



5 Application: infinitesimal symmetries. 

The remainder of this note presents an example of how the twistor PfafRan sys- 
tems discussed above are related to the corresponding Lie algebra of infinitesimal 
symmetries, which in general is infinite dimensional. 

It is well known that g"' C L{S), because the superhorizontal distribution is a 
G"'— invariant distribution, i.e. acts on G'^ /Pi by left translations preserving 
SH. More precisely, for any X & the infinitesimal symmetries of SH are 
given in a canonical way by the vector fields: 

X[;j = ^[exp(iX)5]|t.o, (7) 

with [g] e B, the big ceU of G^/Pi. 

Secondly, E. Cartan observed (see [8]) that the Pfaffian system 55^(z|) on 
has the property L{Sl'^{zl)) ^ and therefore AmiL{Sl'^{zl))c = 14. 

More generally, K. Yamaguchi in [10] considered examples of regular differ- 
ential systems, which turn out to agree with the Pfaffian systems arising from 
twistor fibrations. For any such system S", the main result of [10] asserts that 
L{S) = except for the following three cases: 

(1) 0^ = 0-l®flo®0^• 
(2) 0^ = eL-2 0f (If dim = dimg^ = 1). 

(3) 0"' is a Lie algebra of type Ai such that / = {ai, am} ^ or type C/ such 
that / = {ai, ai}. (1 < to < I). 

Notice that all the examples presented in table 4 belong to one of these cat- 
egories with the exception of Sl^{z'^)^ the Cartan case. 

The fact that the Pfaffian system on C'^ originates from two different 
twistor fibrations (see table 4) give us a natural explanation of the fact that 
dimi(S'l) = 00. In fact, as we have seen in 3.1, the twistor fibration 

TT : SUa/SiUi x Ui x Ui) Fs^C) SUs/SiUi x U2) = CP^, 

with big cell C'^ has a superhorizontal distribution generated by {di, d2 + wid3} 
and therefore a Pfaffian system S = {dw^ — Widw2}j which is equivalent to 
under the change of coordinates: (zi, Z2, z^) — {w^, —wi, 1^2). By computing ([7]) 
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for a basis of the lie algebra sl^C, a set of 8 vector fields is obtained. The Lie 
algebra C spanned by this set is a subalgebra of the infinitesimal symmetries 
of 5*1 . Similarly, for the fibration 

TT : Sp2/Spi X [/i ^ Sp2/Spi X Spi S'^ 

we have SH = {{di — W2d^,d2 + wid^}) and S = {dw^ + W2dwi — widw2} 
which under the change of coordinates (^i, 22,23) = {ws — wiU'2, 2w2, wi) also 
corresponds to . In the same way as above, we can construct a Lie subalgebra 
C" of L{S'^) spanned by 10 vector fields by means of ([7])- 

By direct calculation we find that the Lie algebra (£',£") generated by £' 
and C" is an infinite dimensional Lie subalgebra of L{S^). In a future paper 
we shall discuss further ramifications of this observation. 
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